Additional file 1 : Computation of E [X ng,‘l] as a function of between

im ]m B
chromosomes identity coefficients, in the case of independent markers.
Principles

Derivation of E[XX'TXX'] elements are simplified using three properties:

b E[(ZmXikam)(Zijlem)] =
Zm E[Xikaijlem] + (Zm E[Xikam])(Zm E[ijle]) - Zm(E[Xikam]E ijle])
e  We will demonstrate in this supplementary material that, at least for the K (1 to 4) and d, (1 to

4) values present in our derivations, any expectation E [Xgr‘lX]m - XdK] with )}; d; even can be
written as
did;d didj--d
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where parameters a;; ;. and ;. g

gametes of ij --- K individuals at marker m.
e  When individual are repeated (e.g. i = j), E[ Xd’X ] = E[

im®jm

are functions of identity states probabilities between

di+d;
] .
Xo ]

Let = X 20m (1 — Pm) , T2 = Xq[2Pm (1 — p)]? and a;; the coancestry coefficient between
individuals i and j

Zm E[lekaX]lem] - Tall]%dll - _szlljﬁl
Lm E[XimXem] = ETaik - Zszik = 207 and X E[XjmXim| = 2437
Y m(EXimXiemE[XjmXim]) = 4aya;7,

Thus {E[XX'TXX'T}ij = X, Xk ta ( Taly — —szllj}(ll + 4agea;[t* — Tz]) . Elements of this
summation are computed considering the third property given above.

Demonstration.

Let S, c,...c, . the identity state between ne chromosomes at a given locus. This is an extension of the
nc

identity coefficients [35-37]. We do not consider pairs of chromosomes of two individuals, but a set
of n chromosomes which may or not belong to different individuals. For instance, c¢; could mean
the paternal allele at locus m for individual i (it will be noted in this case c; =is). The figure SM1-1
represents the possible states, depending on the number of chromosomes. When n = 2 only two
identity states are possible: locus are IBD (S¢ ., = 1) or not IBD (S; ¢, = 2). When n; = 3 five
identity states are possible and when there are 4 chromosomes, we find back the 15 classical identity
states .

The codification for the genotypes are X;,, = (0,1 or 2) — 2p,,. (It is equivalent to X;;n, = Gims +
Jima Where gims and gimq are the “values” of the alleles transmitted to individual i by its sire and its
dam, with gims and gima = (0 or 1) — p,,,. As we only consider one locus in the following derivation
the m indice will be omitted : X; = gis + giq and g;s and g;qa = (0 or 1) — p.

.odi
Different situations were encountered for the product E [Xid’Xj T X,?K
E[X;X;] i #j

E[XXP|i#j



E[X?XF|i# )
E[X;XXZi#j+k
E[X;XiXe X i#j#k=#1

In all case, we will decompose the X genotypes in their g values

B [Xidindj ] - Zsis,id.]'S.]'d,.,, p(sszs,id.js.jd,-..,"') E [(gis + gid)di(gjs + gjd)dj |55is,id,js,jd.~~""]

This formula turns to be the weighted sum of elements such as E[g;s%g;s% ™ gjq - |Sis s ja---]
which are very simple to derive from the allele frequency p.

Computations are simplified by the fact that those expectations are null when one of the elements of
the product, here say gjq , is unic and the state S;, j jq... such that the jd locus is not IBD with any
other locus.

1) E[XX;]i+j
E[X;X;] = E[9:s9)s] + E[9is9ja] + E[9ia9)s] + E[9iagd]

E[9is9)s] = p(Sisjs = DIA = p)(0 = p)* + p(1 —p)?} + p(Sis js = 0){(1 — p)2(0 — p)* +
2p(1 —p)A - p)(O0 —p) +p*(1 —p)*}

E[gisgjs] = p(Sis,js = 1){p(1 -p)}

E[X:X] =p —D)[p(Sisjs =1) + P(Sisja = 1) + P(Siajs = 1) + p(Siaja = 1)]

It must be noted that the event Sis,js = 1 etc. corresponds to the classical identity states 1, 2, 4, 9,
10, that is p(Sisjs = 1) = 8; + 8, + 84 + 85 + 89 + 819 ; that S;5 jg = 1 corresponds to the
1,3,4,12,13 etc . The results being that

E[XLXJ] == p(l - p)[461 + 2[62 + 63 + 64, + 65 + 69 + 612] + 610 + 611 + 613 + 614,] = 4p(1 -
p)a;j, as expected

E[X:X;] = 4p(1 — p)a;;

2) E[xX}]i#j

E[X.X}] =E [(gis + 9ia) (955 + g,-a)3] = E[9:593s| + 3E[9159%9ja] + 3E[9159;597a] +
E[gisga] + Elgiagls] + 3E[9ia9%9)a] + 3E[gia9)s97a] + El9iag3a]

E[gis935] = p(Sisjs = DIA —p)(0 = p)* + p(1 —p)*}=p(Sis ;s = 1){p(1 — p)[1 - 3p(1 - p)]}
El9is97:9ja] = P(Sisjsja = 1)1 —p)(O0 —p)* + p(1 — p)*} + p(Sis js ja = 4){(1 —p)?(0 —
p)* +2p(1 —p)(0 — p)*(1 — p)* + p*(1 — )*} = p(Sis jsja = 1) A —p)[1 - 3p]} +
P(Sisjsja = 4)[p(1 — p)]?

E[XX?] =p(1 —p)[1-3p(1 =[P (Sisjs = 1) +P(Sisja = 1) + P(Siajs = 1) + p(Siaja =

1)+ 6p(Sisjsja =1) +6p(Siajsja = 1)] + [P — )?[30(Sis js,ja = 4) + 30(Sis jsja = 2) +
30(Sia js,ja = 4) + 30(Siajs,ja = 2)]




S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14 S15 | X

Swp=1 |X X X X X 1

Swja=1 |X X X X X 1

S =1 [X X X X X 1

Siwja=1 |X X X X X 1

Sisjsja =1 | X X 6
Siajsja=11]X X 6
Sis,js,ja = 4 X X X 3
Sis,js,ja = 2 X X X 3
Sid,js,jd =4 X X X 3
Sutﬁjd =2 X X X 3

E[Xin] =p(1—p)[1-3p(1 —p)][168; + 2(5; + 83) + 8(84 + 65) + 2(69 + 612) + 819 + 811
+ 813 + 814l + [p(1 = p)I?[6(8; + 83 + 89 + 815) +3(810 + 811 + 813 + 514)]

3) E[X?X7|i#j

E[X2X?] = E[(gis + 9:)*(9)s + 9ja)° | = Elg2 g% ] + ElgZ %] + Elgtua%] + EloZg%] +
2E[9%9j59ja) + 2E[9749)59a] + 2E[9is9ia97%s] + 2E[9is9ia97a] + 4E[9:is9:49)59]4]

E[929%] = p(Sisjs = D{A =)0 —)* + p(1 — p)*} + p(Sis js = 2){(1 —p)?(0 — p)* +
2p(1—p)(1 —p)2(0 —p)? + p2(1 —p)*} = p(Sis.js = D{pA — P)[P* + (1 —p)*1} +
p(Sis,js = 2)[p(1 — p)?

E[9%95s9a] = p(Sisjsja = DI —p)(0 —p)* + p(1 — p)*} + p(Sis js,ja = 3){(1 —p)?(0 —
p)* +2p(1 —p)(1 —p)*(0 — p)* + p*>(1 — p)*} The state ;5 5 ja = 3 corresponds to g IBD to
gja and g;s not IBD to the others. In the other states we have terms like E[gjd] = 0inthe
conditional expectation E[gizsgjsgjd|5is'js'jd].

E[9%9js9ja] = p(Sisjsja = 1){p(1 — P> + A — )1} + p(Sis js ja = 3)[p(1 — p)]?

E[9is9ia9js9ja] = P(Sisiajsja = 1){1 —p)(O0 —p)* + p(1 —p)*} + [p(Sisiajsja = 6) +
P(Sisiajsja = 9) + P(Sisiajsja = 12)[{(1 —p)2(0 — p)* + 2p(1 — p)(1 — p)?(0 — p)* +
p*(1—-p)*}

E[g9is9ia9js9ja] = P(Sisiajsja = 1)p(1 —p)[p> + 1 = p)*B + [p(Sisia jsja = 6) +
P(Sisiajsja = 9) + P(Sisiajsja = 12)][p(1 — p)]?

Finally

E[X?X?] = (p(1 = )[P* + (1 = p)*B[p(Sisjs = 1) + P(Sisja = 1) + p(Siajs = 1)
+0(Siaja =1) +20(Sisjsja = 1) + 20(Siajsja = 1) + 20(Sisajs = 1)
+2p(Sisiaja = 1) + 4P(Sisiajsja = 1)]
+[p(1 - p)1*{p(Sisjs = 2) + p(Sis ja = 2) + p(Siajs = 2) + p(Sig ja = 2)
+2p(Sis,jsja = 3) + 20(Siajsja = 3) + 20(Sisiajs = 2) + 2P(Sisia ja = 2)
+4p(Sisiajs,ja = 6) + 4P(Sisia jsja = 9) + 40 (Sisiajs,ja = 12)}

|Sl S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14 515|X




Sep=1 |X X X X X 1
Sisja=1 |X X X X X 1
Swjs=1 |X X X X X 1
Swwja=1 |X X X X X 1
Sisjsja=1 | X X 2
Sid,js,jd =1 X X 2
Sisjajs =1 | X X 2
Sisiaja=1 | X X 2
Sisjajsja =1 | X 4
Sisjs = 2 X X X X X X X X X x |1
Sisja = 2 X X X X X X X X X X |1
Siajs = 2 X X X X X X X X X X |1
Sid,jd =2 X X X X X X X X X X 1
Sis,js,ja = 3 X X X 2
Sid,js,ja = 3 X X X 2
Sisid,js = 2 X X X 2
Sis,ia,ja = 2 X X X 2
Sisia js,ja = 6 X 4
Sisia js,ja =9 X 4
Sisia jsja = 12 X 4

E[X?X?] = [p(1 = p)[1 = 3p(1 —p)1]{168; + 4(8, + 63 + 64 + 65) + 2(8g + 612) + 819 + 611 +
613 + 814} + [p(l - p)]2{4‘(62 + 63 + 64, + 65 + 615) + 1666 + 8(67 + 68) + 6(69 + 612) +
3(810 + 611 + 613 + 814))}

4) E[XXXFli#j#k

E[X:X;X?] = E[(9is + 9ia)(gjs + 9ja) ks + 9ka)?] = E|9:s9js97s| + E[9is9ja98s] +
E[9ia9js9%s] + E[9ia9,a9%s] + E|9:is9js97a] + E|9is9jagta] + E[9ia9js9kal + E[giagjagia] +
2E[9:s9s9ksGka| +2E[9is9jaGrsGral + 2E[9ia9jsIrsIral + 2E[9iaGjaGrsIral

E[gisgjsglis] = p(sis,js,ks = 1){(1 - p)(O - P)4 + p(l - p)4} + p(sis,js,ks = 2){(1 - p)Z(O -

p)* +2p(1 —p)(1 — p)?(0 — p)? + p?(1 — P)*} = p(Sis jsks = 1)p(1 — p)[1 — 3p(1 — p)] +
p(sis,js,ks = 2)[p(1 - p)]z

E[gisgjsgksgkd] = p(Sis,js,ks,kd = 1)p(1 - p)[l - 3p(1 - p)] + {p(sis,js,ks,kd = 6) +
p(Sis,js,ks,kd = 9) + p(Sis,js,ks,kd = 12)}[p(1 - p)]z

E[XX;X2] =

p(l - p) [1 - 3p(1 - p)] [Zaie{s,d} Zaje{s,d} Zake{s,d}p (Siai,jaj,kak = 1) +2 Zaie{s,d}Zaje{s,d}p (Siai,jaj,ks,kd =
1)] + [p(l - p)]z {Zaie{s,d} ZajE{s,d} ZakE{s,d}p (Siai,jaj,kak = 2) +2 [EaiE{s,d}ZajE{s,d}p (Siai,jaj,ks,kd =

6) +p (Siai,ja]-,ks,kd = 9) +p (Siai,jaj,ks,kd = 12)]}

5) E[XiXjXeX|i#j#k=1

E[X:X; X, Xi] = E[(9is + 9:)(9)s + 9ja) Grs + 9ra) (Gis + G1a)] =
ZaiE{s,d} ZajE{s,d} ZakE{s,d} Zale{s,d} E [giaigjajgkakglal]




E[gisgjsgksgls] = p(sis,js,ks,ls = 1)p(1 - p)[l - 3p(1 - p)] + {p(sis,js,ks,ls = 6) + p(sis,js,ks,ls =
9) + p(sis,js,ks,ls = 12)}[}9(1 - p)]z

E[XinXle] = p(l - p) [1 - 3p(1 - p)] [Zaie{s,d}Zaje{s,d}z:ake{s,d} Zale{s,d}p (Siai,jaj,kak,lal =
1)] + [p(l - p)]z [Zaie{s,d] Zaje{s,d}Zake{s,d}ZalE{s,d} {p (Siai,jaj,kak,lal = 6) +p (Siai,jaj,kak,lal =
9) +p (Siai,ja]-,kak,lal = 12)}]




Figure SM1-1

Possible IBD states, depending on the number of chromosomes
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